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XI. On the Law of Large Numbers.
By E. H. Linroor.
-(Commumnicated by G. H. Harpy, F.R.S.)
(Received March 8, 1928.—Read June 7, 1928.)

1.1. Introductory.

Let p, be an infinite sequence of numbers such that0 = p, = 1lforv=1,2,3, ... ®
Suppose that n trials are made, the result of each trial being either a ‘““ hit”’ (T) or a
“miss” (U); let the probability of a hit at the sth trial be p,, of a miss g;. Thus
P+ q=1

The number of hits.in the # trials will be denoted by m () ; the mathematical expecta-

tion of this number is of course % ;. If then we write m (n) = @ (n) + 2:: p; we may call

the number p (n) so defined the “ dewatlon With m (n) is associated a number ¢,
defined by ’

n)-):p,—{—t«/ZQplql, ........ L)

t = u(n)/x/%-

The probability that in the n trials there will be exactly m hits will be denoted by
P (m, n) ; the probability of at least m, hits will be written P (m = m,) or sometimes
P (t,), where t, refers to (1). ,

The question we shall discuss is: What can be asserted about the order of w (n)?

evidently

Certainly w (n) may take all values from — 5 p; to 5 q;, but it is well known, for instance,
1 1

<t1 VZ 2pg = p(n) <{, MZ 2pq> r /A

where £, < ¢, are constants and where 5 2pq - © as n— o (“PoissoN’s formula 7).
1

that as n - o,

In a previous paper I extended Poisson’s formula to the case where ¢, ¢, are functions
of n (not too rapidly increasing) and obtained a definite error term. In §1 of the present
paper analogous results are obtained for P (t = ¢,).

VOL. CCXXVII.—A 657 3 K [Published August 11, 1928.
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418 E. H. LINFOOT ON THE LAW OF LARGE NUMBERS.

These are then applied to the problem of finding an ““ exact upper band ”* for | (n)], .e.,
a function f(n) such that we can assert with probability 1 first that | (n)| <(1 -+ <) f(n)
for all large » and second that |w (n)| > (1 — ¢) f(n) for an infinity of n. Here ¢ > 0
is arbitrarily small. This question was discussed by KHINTCHINE* in the case where
all the probabilities are equal, and later} where they satisfy the wider condition |

I<ae=p=1—a (1=1,2, ... ®).

The main object of the present paper is the extension of his results to the most general
class of cases :

X 2pg->c® as n->®,
~ 4P4
This extension occupies § 2.
§ 3 contains a general discussion of the inequality

[ ()] < f(n),

from which it appears that KHINTCHINE’S result can be improved upon. The concluding
§ 4 replaces his lower order-function for |u (#)| by a sharper one. ~
Finally, I should like to thank Prof. Besicovircu for much valuable assistance and
advice.
1.2. We begin by stating three results, established in the first paper, which will be
required later. The first two are estimations of P (m,, m,), one being in a more precise
but less convenient form than the other :

R T L Zpg(p—q) (" 4, 0 o
P (my, my) = v L«Me dt—i—\/n_ 3 (z2pg)" L_%he t(3—20)dt

+ 05 [(Z pg) =0 4 $VE2pq (8, — b 4+ 1) e ¥E%] L (A)

where L o :
h=1/vVZ2pg and [6,] <1,

provided
0<e<p (Zpp*=3, Ep+f; VZ2pg

are integers.
The second result asserts that for

a1, 6] =(32p1) " ©<e<d), >0, and Z2pg=Ni, o)

(1—n);/1—;j”e-t“dt<1>(tl, t) < (1 +n)71;re—t’dt. ... (B

3} 121

* ¢ Fund. Math.,” vol. 6, p. 9 (1924).
T Math. Ann.,” vol. 96, p. 152 (1925).
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E. H. LINFOOT ON THE LAW OF LARGE NUMBERS. 419

" The third result is the estimation

l il (pe* + q) l = OO WbEpe—dbEe L ©)
where | 0| < 1. '

1.3. Discussion of P (m = my).—The next seven paragraphs (1.31-1.37) are based
on an argument entirely different in type from that employed in the first paper, and
lead to an inequality for P (m = m,) valid in a very general set of cases. We avoid
trivial complications by assuming throughout that £2pq = 7; this hypothesis is
certainly satisfied for # = n, in our main investigation.

1.31. We have seen that the probability that exactly m hits will occur in » trials is
the coefficient of 2™ in the expansion of '

1} (px + q) ;

P (m = m,) is then the sum of the coefficients in this expansion from that of z™
onwards, and we can write :
P(msz) = E;Z.'.”Elopilpizona pimqim+1 “es q,'”

(where 1, %,, ... ¢, are the numbers 1, 2, ... # in some order), or again

Py (P1s Pos oo p) = %. ;_;.wzn.,pi’ DPiy oo+ Diy (1 —pim+1) e (L—p;). . (L311)
Now suppose that the p’s vary (n remaining fixed) so that

Pt pe+ .. Fpo=const. . ... ... .. (1.3121)
PR+ plE+ ... Fp2=const. . ... ... . (1.3122)

Thus = 2pq remains constant.
1

We shall investigate the circumstances in which P, takes its greatest and least
values. The polynomial P, (p:, Py, ... p,) 1s a continuous function ; these values
are therefore attained. Consider the greatest value. A set of values (p'y, p's) ... P')
of the p’s which gives P, this value may be such that one or more of the p’s are 0 or 1.
We shall show that the remalmng p’s have one of two fixed values.

Suppose if possible that p’y, p’s, ps are three of them, no two of which are equal.
Let py, ps» Ps only vary, so that (1.3121) and (1.3122) are still maintained. Then

Pt petps =01+ 9+ B
. s e e e e . (1.8123)

P2+ PP+ p? = p - py Ps’®
3K2
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420 E. H. LINFOOT ON THE LAW OF LARGE NUMBERS.

and we are considering the variation of P’, =P, (P, Pss Pss P'as P's -- D). This
is a symmetric function (not homogeneous) of degree three in p;, p,, ps. If then

Sy = Py + P2+ Ps, 82 = P2 + P + ps?, 83 = P;® + p® + Ppsd,

we can write ;
leo =f(81, 82) + .A.S:} .......... (1 .3124)

where A is independent of p;, ps, ps.
Now from (1.3123) we have »
dpy +dp, +dps =0, . . . ... .. (1.3131)
pdp, + padpy, + psdpy =0. . . . . . L. (1.3132)

At a maximum of P’,, we have also
dp’,, =0.
From (1.3124) it follows that at the turning point (p';, p’s, p’s) we have

p2dp, + pRdp, + p2dps =0. . . . . . .. (1.3133)

(1.3131), (1.3132) and (1.3133) are thus satisfied simultaneously at (p'y, p’s, 9's) by
any values of dp,, dp,, dp; which satisty the first two of them. They are therefore

“ consistent,” and
1 1 1 =0,

p’l p/2 _pls
) Mm% Pt ps
%.6., .
(P —P's) (e — p'5) (p's — 1) = 0.

This is a contradiction. Our assertion is therefore proved. The same argument
applies to the least value of P,,, and we have consequently shown that :

“1If the p’s vary in accordance with (1.3121), (1.3122) the polynomial P (m = m,)
assumes its greatest and likewise its least value when all the p’s which are neither 0 nor
1 have one or other of two fixed values.”

Such a set of p’s, in which every one of p;, ps, ... p, has one of the values 0, p,*,
p2*, 1, will be referred to as a ‘ reduced set.”

This is one of the most interesting results in the paper. We shall use it in (1.32)
to obtain an estimation of P (¢ = ¢,). Using an argument similar to that of (1.32),
we could establish (B) of (1.2) by a new method, reducing the discussion to the case
where all the p’s have one of two fixed values. We could even obtain a series estima-
tion of the ““error term ”” R on the right of

P (i, mg) = ;1; [fera+r

t
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by supposing the p’s altered in accordance with (1.8121) and (1.3122) so as to make
P (my, m,) first a maximum, then a minimum, obtaining a series for R in these *“ reduced ”
cases, and using the fact that in the general case it lies between these extreme values.
We shall not, however, go into this in the present paper.

1.32. The problem can thus be reduced to the case where all the p’s have one or
other of two fixed values. Suppose first that all the p’s are equal, and consider the
probability ‘

n ! M gn—m
P(ty) = P(m = m,) = m‘:-'mom]) g . . . . (L.321)
The ratio of the (r - 1)th term of this series to the (r 4 2)th is

N—1My—1 P

my +r-+1"¢q

O=r=n—my—1).
This is always

n— 1y P .
s——————mo+1.q<1, if ¢y > 0.
Thus

P (m = my) = n!

— e mmo gr—mo n — my ﬂ (n—m0>2£_2_ )
Mg | %_mO!P q <1+<m—0+l>q+ 1 q2+...tooo
ma k) g p,, Q0P8 b v/20pg

g+t Vampg T g+ to V/2npg

_ (n+1) pg | LV 2npg a0
= P (mq, n) (q -{—q s \/2n——§§> < P (my, n) <1 -+ —_EM> .. (1.322)

= P (my, n)

Here t, is restricted by the condition that m, is to be an integer. But (1.322) is
true without this restriction. Let m’y denote the least integer which is = m,, m,
now being any real number = 0. Then ¢, = ¢, and

P (to) = P ('y) <P (m'o, n) (1 + V2npgft') <P (m'e, n) (1 4+ v 2npgft,).

If we agree to interpret P (m, n) as P (m’, n) we have (since P (¢f) =0 when
t' > ng/V2npg),
P() < P(m,n) (1 +Venpgft), forallé¢>o0. . . .. (1.323)

1.33. Next let every p be either p,* or p,*. Suppose that p = p,* in n, cases,
p = p;* in n, cases. Thus n, +n, = n. Let m,, m, be the numbers of hits corre-
sponding respectively to the n, trials where p = p,*, and to the n, trials where p = p,*,
so that m; + m, = m. Thus

20, P ¥+ 2Pyt > 0 as Mmoo,
Consider

P(to) =P(m= mp* 4 nape* 1 \/2"1}71*%* + 2nyp* g, * ),


http://rsta.royalsocietypublishing.org/

A A

L

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A

JA \

A B

%

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

422 ) E. H. LINFOOT ON THE LAW OF LARGE NUMBERS.

where ¢, = 0. If, adopting a slightly different notation from that used in previous
sections, we write '

Y 2”1?1*%* =1, \/2”2]72*92* = §t, \/2%11’1*%* -+ 2”21’2*42*:
and observe that '

my + My = myp* A+ NPy b \/2”1]91*91* + 2mapy g *
implies one at least of '

my = %1}’1* +1 \/2%1271*%*:

| My = %2202* + 1ty ‘\/2”&2272*92*>
we see that ' .
P(t) =P (m =np* 41, \/2”1191*%*) + P (my = nyp,™ 1, \/2”'2]92*92*)
- =P, 4+ Py, say. . . . (1.331)

1.34. Now it is well known (see e.g., CHRYSTAL, * Algebra II,” p. 368) that for n = 2,

1

n! = 1/2mn (n/e)”emw, where — 1/24n% < 0 < 1/24n (n — 1),

and we observe that the inequality still holds for n = 1.
Thusifl =m=mn—1,

n! -
Plm ) = = "

. : n . .nnpm qn—-m (__L 1 _ 1 i 1
< \/2nm (7 — m) m™ (B — m)*™™ exp 12 ™ 24n.n—1 12m k 24m?*

v o 1 1
N 12 (n — m) + 24 (n — m)2>
@ e
2r(n—1) \m n—m
Writing
A = (np/m)™ (ng/n —m)*™, . . . . . .. o (1.342)
we have, for n = 2,1 = m = n — 1 in the first place,

Pm,m) A . .. . ... .... (1.343)

Let A" be interpreted as ¢* when m = 0, p" when m = #, so that A" is a continuous
function of the real variable m in the interval 0 =< m =< n. Then since

P (0, n) = ¢, P(n,n) = p,
we see that (1.343) holds provided only that the integers n, m satisty

n=1 O0=m=mn ...... ... (1.3431)
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Let us now introduce the additional hypothesis that m/n = p.
Then writing m/n =17, , 1 — p, =17,, we have A, = (p/Pp,.)? (¢/q,.)% with

o<p<l, p=p,=L
Whence
log A,, = p, log p+ (1 — p,)log (1 — p) —p,, log p,, — (1 — p) log (1 — p,,)
= (P — p) log p +[(1 — p,) — (1 — p)]log (1 — p)
+[plogp+ (1 —p)log (1 — p)] — [P, log p, + (L — p,) log (1 — p,,)]
= —4@.—pPQA/p +1/ 1—1p))

where p’ is a point of (p, P,.), mtenor unless p = p,.
Thus

A =oxp (— 0B P (Up - 1L —p)} . . . . (134)

for n =1, pn =< m = n, where p’ is some number in the interval (p, p,).
1.35. We can apply this inequality to. find an upper bound to P, P, of (1.33) on the
assumption that ¢, = 0. For reasons which will appear later we suppose that

0= to \/2%1291 ¢ - 2maps* g, ™.
Consider first '
Pl - P]_ (m1 Z nlpl* + %to'\/ZQpQ).

Let m/y = nyp* -+ ',V 2n0,p*q,* be the least integer = n,p,* + 5%\/ Z2pq. Then
by (1.343), (1.3431), (1.344)

P (', my) < exp {— Iy (B, — pu*)? (19 +1/(L — p)}

for n, =1, 0 =< m'y = n, where p’ lies in (ps*, Pw,)-
There are several cases to consider :

(1) Bw, > p1* =3 Then

1 1. 1 1 1
pl +1 ___pr >p1*+1 "‘pl*_—_'pl*ql*,
and
’ [ nl t2 - - _%3
P (m's, m) <exp<[ 2p, *q * 4%2( P g + 2nyp ¥, *) p =e t. . (1.351)
(2) % = Ppw,> m*. Then
1 1 | 1 1 _ 1

/>:"—+

7 _l" P = ==
p 1— p p m'y 1 - pm'1 pm'lqm’x
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424 E. H. LINFOOT ON THE LAW OF LARGE NUMBERS.

and (since 'y V2np*q* = t, V21,0, %, * = o V2n,p ¥, * - 2n2p2 *q,* = 0)

t'2.2n
Pmr’% < ex {___,n. 1771 9'1
(m's, ms) P 1'g (np* + 3V 2nl_p,*q1*) (mq* — Vv 27&1201*91*)J
< exp { £® . 2mp g }
2mpi*g* + 2(q* — p*) \/2"11’1 n*
<e { 2. 2mp*q* . }
2np g * + 20V 20y p R, *
= exp { t? 2”1291 91 }
2npFq* -+ 2t \/2”1101 *
— exp{ i’ 2’”’1?91 q1* -+ 2mypy g™ }
2mp ¥ * + b VE 2pgq

R *g % % %
If {,V/ 2 2pg =< 2nyp ¥ *, this = exp< AR 2 92;1;*3;“70 2 G > = exp (— 42/8).

If t,V/Z2pq > 2n,pr ¥ *, it is less than exp (— $, V' Z2pg) = exp (— t,%/8).

Thus in either case ,
P (mll? ’Ibl) _<_ GXP (“"‘ t02/8) .......... (1.352)

(3) :?—gm’, = 21‘ > 2 > T]z;'o Then. Since

1 1
=+ y = 4,
p l—p

P (m'y,m) = exp (— 4'°p*q*) = exp (— 430°) = exp(— i )
= exp (— ¥%te?) = exp (— fsto?). . - . (1.353)
(4) p1 = v Pw, = & Then since
Tty =VZ2pg, w/y=n,
(3 — p1) < 5 @mp ™ + 20apa*.*) + 1,
n = §(22pg +2) < §22pq if Z2pg = 1.
b A2 p g = o V/E2pg = o VI, VA

If now t, > 4/6n, this gives, since ¢'; = ¢,

Thus

L. ¢y \/2'"'1]71*%* > 1y,
and a fortvory
m'y > ny,
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which is impossible. It follows that in the case we are discussing,
to=V6M. . . . ... .. ... (1.3541)

Now increasing m by 1 multiplies A" by

np _mr(n—m)"" ,
ey 1y ey - SIS (1.3542)
Consider ¢ (f) =¥ (a — t)*~t for a2 < ¢ =a. (¢ (@) is defined as lim ¢ (). Itisan
t—>a—0 -
increasing function. For
D log ¢ (t) = log t — log (& —t) = 0.
It follows that for m = In, p < } the expression (1.3542) is less than 1.

Thus A% is greatest when m, has for its value the least integer = 4n,. Forn, =2 we
may therefore assume p,, =< 4. Then -

b= GG = R < T - (T

P (m'y, my) = A%, = exp (— b, log 512/135) < exp (— 3n;)
= exp (—t,?/18) by (1.3541).

m'y

This holds for n, = 2, 22pg = 7. When 5, = 1, Py, = } gives m'; = 1. As before
to = V6my = /6 if Z2pg = 7.
Therefore

Thus
“Formy =1,0 < t(, =1/ 20, 9% ¢y * - 2nypo* 0%, 2n1p1 *g,* + 2m,p.¥g* = 7,

P (m’l, n) =p*<e L e LW L L L L (1.854)

P (m'y, ny) <exp(—it 2187 . .. ... .. (1.355)

The same inequality holds for P (m'y, n,), when n, = = 1.

1.36. Using (1.323) we now have

P, < exp (— t2/18) . (1 + V2n,p,*q *t,) for 0<ty= \VE2pq, Z2pg =1, ny = 1.
P, < exp (— t2/18). (1 + V2nyp,*g,* fty) for 0 < ¢, = V/Z2pq, Z2pg =T, 0, = 1.
Observing that (1.331) is true in the case n;, = 0 if we then interpret P, as zero we
conclude that :
P (to) < exp(— t*/18) . (2 + V2 0.1 [t + V215D [t2)
= 2 exp (— &, /13) (1+vV=2pqfty) . . . . (1.361)
for 0 < t, = V/Z2pq, Z2pg = 1.
VOL. CCXXVIL—A 3L
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426 E. H. LINFOOT ON THE LAW OF LARGE NUMBERS.

Finally we have only to consider misses instead of hits, interchange the réles of p and g,
and observe that if m = np -+t v/22pg, then n — m = ng — ¢ v/ 22pg, to obtain the
analogous result
f P (ty) = P (m = np — t, V'Z2pq) <2 exp (— t,*/18) (1 + V/Z2pq/t,)

or
0<t,=VZ2pg, =2pg=17 . ....... (1.362)

1.37. Now let the p’s be unrestricted, even by the condition X 2pg—~> ® as n > ».
1

The expression for P (m = m,) is a polynomial in p,, ps, ... p,, and we saw in (1.31)
that it takes its greatest value P(m = m,) when the p’s all have one or other of the
values, 0, p,*, p,*, 1. The conditions restricting the variation of the p’s may be stated
in the form

Pr + P2 + ... 4 p, = const.

2014y + 2p29; + ... +2p,9, = const.

Let s be the number of p’s which are 1 in the reduced set, #, the number which are p,*,
ny the number which are p,*. As in (1.33) let m, be the number of hits corresponding
to the m, trials where p = p,*, m, the number corresponding to the trials where p == p,*.
Then ,
P (m = me) =P (m = 1P ¥+ 1gPe® 4 5 + b V20 % * + 20,p,%¢,*)
= P (my +my = myp* + 0™ + b V20,0,%¢,* 4 2n,p,%¢,*).

For if we remove from the reduced set a trial at which p, = 0 and recalculate the prob-
ability for atleast m, hits the new polynomial is the same as the old. On the other hand,
if we remove a trial at which p, =1 it is the polynomial which gives the probability
for at least m, — 1 hits in the new set which now coincides with the old one for at least
myo hits. Thus the above equality is proved by induction. (To say that the probability
of an event is zero is not, of course, to deny its possibility.)

We infer from (1.361), (1.362) that : '

“For all values of the probabilities p, which make % 2p4. =", and for all real tos
. 1

such that 0 < ¢, =< ,\/ 217 2pgq,

P<m = 1%]0,‘ + b A/ % 2pkq,> < 2 exp (— t2/18) (1 + V=2pq/ty), . (1.871)
and

P(n=3p—t4/ T 2p4.) <205 (— 13/18) L+ VETprfty).” (1372

'1.38. From these inequalities and (B) we can now deduce more elegant results, valid

for all sufficiently large values of § 2pq and for ¢, (n) = O ((Z2pg)*°~*).
1
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E. H. LINFOOT ON THE LAW OF LARGE NUMBERS. 427

Lemma 1.381.—I1f ¢, = }, then \ :
* —n? _1_ —toi
LO e " dn > TR

0

Proof. ° to-+1 /4t - 1.
Le d">L, dn>_eXP<'_t° _%—16t0>>§%e '
Suppose _ |
' [t |=|t <? 2pq>’ l = (Z2pg)*. (0 <e <)
Let

. ) t2 == tz (‘E 2.pq> = (22pq)113—¢[2.
\ 1
Then the hypotheses of (B) are satisfied by ¢, tz and

P (4, ts) = P (my = m = my)

<1+ —= e S ~#dt for all large 2 2pq.
Whence

P(t) = P(t, ) + P (ta) — P (m = my)
= P(t, ts) + P(t) |

+%n)\/ j e™"dt + 2 exp {— Ilg(mpq e} (1+(22pq)512+~/2)

for £2pg = N, (1, ¢). Now
1 R

_ 1/3—2¢
2exp {— f (320"} . (1 + (B2pg) ) < L= L (2%03?2%)-« }

for 22pg = N, (v, €)

<Iy—= v j e~ " dt.
Thus -
P) <@ —I—n)v.j e " dt

l

v n n \ n 1/6~=¢
for Z2pg = N;(n, ¢), h (2 2pq) l = <§ 21@4) :
1 1
Also .
P(t) > P (4, &)
j(szpq)”""z

> —4n) = Py ~*dt, for % 2pg = N, («q, €)

> (1 =) =), e for Eopg = Ny(s, )

3L2
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428 E. H. LINFOOT ON THE LAW OF LARGE NUMBERS.
Thus :
“Ift = t<22pq>, e>0 7>0 and |t| = (Z2pg)/*~
1
then
(1 -—”})—‘;J e "dt < P(m = Zp+1t4/Z2pg) < (1 —f—n)\; j e~"dt. . (1.382)

forall = 2pg = No(n, ¢).”
1

A sharper estimation can evidently be obtained if we narrow the limits for ¢£. Taking
e = 1%, for instance, we easily obtain

P(m = Zp + t v/Z2pg) = \—};fc’"” dt + 0 exp {— (22pg)"*} (where |0] < 1)
(1.383)

n 1/ n
for |t| = <2 2pq> * andall large X 2pq.
1 1

The same results hold for P (m =< Ip — tv/Z2pgq) of course, the integral _r e " dt
-t
being replaced by Jt e~ " dt.
All these inequalities have been stated in terms of g‘.?pq only, and hold uniformly in
1

the individual p’s and ¢’s. We have only to choose a particular sequence p,, ps, ps, ---,

such that = 2pg~ » with # to obtain as a special case of (1.382) :
1

“1If py, P2, Ps ... are such that = 2pq - © asn - », and if t= t (n) is such that
1

n /6 —e
[t] = (2 2pq>16 (where € > 0),
. 1
Then given n > 0 we have

(1—n)\/ﬂj “'dt<P<m>Zp+t/\/22pq> <a v;)—-\-/l—;fe"'dt

2

for all n = n, (v, €).
1.4. We conclude this first section by stating explicitly a trivial corollary of (1.382) :

“Ift=¢ <Enl 2pq> = <§ 2pq>1/6_' (¢ >0) and ¢« as 5 2pg - o, then
1 1 / ’ 1

P<|p(n){th%><%e—t*. e ... 4]

for all sufficiently large values of o 2pq.”
1

Proof.
R e" '
Jle dn<—2-t—fortz%.
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2.1. The next section is a generalisation of a paper of KHINTCHINE’S (* Math. Annalen,’
vol. 96, p. 153). The problem he solves is that of finding ““ an exact upper bound ”
to the deviation

wm) = m @ —Zp.

Definition.—By an exact upper bound of the function p (n) is meant a posmve
function y (n) which satisfies the following condition :
“ Given 8§ > 0, n > 0 we have with probability > 1 — 4

(1) Je@)|fx @) <1+ forn=n(3n),
(2) |u(m)|/x(n) > 1 — 3 for an infinite sequence of values of the integer n.”
(2.11)

The condition satisfied by y (#) may be stated slightly more formally as follows :
“Given 8 > 0,n > 0 we can find an arbitrarily large positive integer ny, = n, (3, 1)
such that we can make, with probability > 1 — », the double assertion

(1) |u@®)|/x(») <1438 foralln = n,
2) |e@)|/x(®w) >1—38 foratleastonen =mn,"” . . .. .. .. (212

It is plain that the assertion ““y (n) is an exact upper bound to y (n)” defines a class
of functions y (n) ; our problem is to find a member of this class, and it is not evident
a priori that a member exists which can be represented by an analytical expression.

KaiNTcHINE showed that if p;, ¢, =a >0 fors=1, 2, ..., then

() = A/  2pglog logn

is a solution to the problem. He observed that this was asymptotic to

A/ Z2pg,log log £ 2pg,
1 1 .

(which was therefore equally a solution), and suggested that this last expression held in
a more general class of cases.

We prove the truth of his supposition for the (most general) class defined by
0=pg=1, §2pq-+oowithn.
1 .
Our argument, like KHINTCHINE’S, is a generalisation of one due to HArRDY and LiTTLE-
woon.* They considered the expansion of an arbitrary real number of the interval

(0,1) as a decimal in the scale of the arbitrary integer a, and showed that the deviation

* ¢ Acta Math.,’ vol. 37, p. 155 (p. 183) (1914).
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430 E. H. LINFOOT ON THE LAW OF LARGE NUMBERS.

i (n) of the number (say) of zeros occurring in the first n places from the ““correct ”
number n/a almost always* satisfied the double relation

(1) |w(n)|/Vnlog n is bounded for all large n,
(@) | (n)]/v/n > cfor an infinity of n,
¢ > 0 being chosen arbitrarily.
Using the arguments of §1, we can obtain the solution of the generalised problem

which corresponds to the “ Porssox ” series of divisions.
2.21. Let s, be the least positive integer such that

8x
Z2p4; = =,
1

and for n = S; = Sa.712s... 16t 3 () always denote V = 2pq log log T 2pq.
. . 1 1
2.22. Lemma.
If B (,, «5) denote the probability of the relation
| (k1) [ (1) — (ko) [ (k)| > & (0 <e<1);
then for n;, 4+ #,"''2 < n, < 2n,

‘:’31?1-”—”-1—) ........ (2.22)

B (sn,a 85'12) < exp <— 4 Ny — Ny

where 1l stands for log log.
Proof.—Let the event T appear m (ky, «,) times in the succession of trials from the
(g 4+ 1)th to the «,th, and let

W (k1, 2) = m (Kkq, K3) - K%‘:l%
so that ‘ '
w(r) = p(ey) + ,(Kn Kg). .

B (S Sn) = P (| (80) /% (80) — 1 (Su) /% (80,)] > )
=P (|w(ss) {1/%(50) — 1/% (S0} — (S 8u) [% (8)] > ).
i (8a) {1 (80) = 1/ (Su)} — 1 (S S (80)] > ¢+ . . . (2.221)

involves one at least of

o (5a) 1/ (80) — L/t sa)} > By ot (oo s (82)| > Be . (2222, 2.223)

Therefore

Then

Now

B (84 $u) = Bi (80 80) + B (8us8a)s o« - o - . . (2.224)

By (Sno $u) = P ([ (80){1/7 (80) — 1/x(80)}| > e,
B2 (sm’ Sﬂg) = P (I !‘L (Sﬂ19 s’ﬂg)/{x (s”a)}l > %s'

* I.e. for all real numbers except a set of measure zero.

where
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‘E. H. LINFOOT ON THE LAW OF LARGE NUMBERS. 431
When (2.222) is satisfied we have

[ ()] > Fe % (8n) % (S /{x (8m) — 2(8w)}
> Lev/m llny Vg lny [{V (0, + 1) L (ny + 1) — V/my 1l my ).

Now if

$() = VITG, Dé(t) = \/\1}; (1 + o)

and this is a decreasing function when ¢ is large. Thus

V(g +1) 11 (ny +1) — Vg L ny = (n, ) ;/\1}% < -+ 1 n'lll n’)’ where n, <n' <mn,.

n, 1 e
o <1 -+ Tl ?7'1)"’ for.g.ll large n,,

< V2 (ny — 1) éﬂﬁ_% (n, large).
Again, ‘ , ;
2 (Vg L1y — Vg W mg) = 2V 1ny (Vi — V1) = 24/ 1T, (0, — my) 20/ 07,

(where n;, < n'" < n,)

| > V2 (1 — m) Vil /2 Vi,
It follows that, for my > N,

V (ny —|— 1 (ng +1) — \’/nlll‘%1 < 2 (Vg — V'y) \/m,

and we therefore have as a consequence of (2.222)

[ (5,) | > % vy Ll \/ﬁ;/(\/n—z —Vn) = Fe Vi ny (Vngny + y) (0, — ny)

> e : ’j’i o Vo, lln, (n, Iarge).
Now
nl/(na - %l) < %11112. E
Thus —_
S s \1/11 o
len, Vi, ngf(ny —ny) < %snl”w Vg In, < (ﬁq 2pq) z 2pq (n, large).

(1.41) is therefore applicable, and gives

B, (s, sn,) =P(|u(s) ‘ > e, '\/77'1 W) /(1y — ny)

< }exp {— 1 n?/(ny — ny)? 1l my (Z2pg/n,)2} < Jexp(— g my/(ny —n) Uny)
(mn, large).
The inequality

| (Sus Su)Y > 3 Vg llm,
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432 E. H. LINFOOT ON THE LAW OF LARGE NUMBERS,

refers only to the set of trials from the s,, - 1th to the s,th. Z2pg over this set differs
by less than 1 from %, — n,, and so is large when n, is large. Then by (1.41)

B2 (sm’ sn,) S P ( I EL n,? Sn, l > '2—8 \/%2 ll nZ )
1ln ¥ny
-<— P Sm, Sna > l vwz y E 2 >
(1G5 )| \/z_m_l«/ p

< }exp {— }n, llnz/ ny,—n + 1)} < }exp{— ieznl n /(n, — n,)}
(my large).
The lemma is now established.
2.3. Let us divide the events T,, U; whose probabilities are

P1s Pas oo Pus G15 +or Gn

into two classes. Consider the sth trial. Let
P’y = min (p;, ¢).
Thus p’; =< 4. When p'; < }, one of T,, U, has its probability > }; that one is said
to be the ‘ normal event ” for the sth trial, while the other is called the ‘ abnormal
event.” When p'; = } we regard T, as the normal event.

Let # (n) be the number of the p; which are = 4, ¢.e., the number of cases in which T
is the normal event. Then

!m (')’b) - % _pi — E qi - E P" s § 2_piqi' ooooo (2.31)
1 (=i p<i 1 :

Let m' (n) be the number of abnormal events which occur in the # trials, and let

. w' (n) =m' (n) — Zp';;
sice
P =P':qs

we have by (1.41)
P (m' (n) > Zp'; + (Z2pg)™) < o=
for sufficiently large % 2pq.
Since ? p = ? 2p.q; we infer that
P (m’ () > 252pg) < e @90 oL (2.32)

and since for a given series of events m’ (n’) = m’ (n) for 0 < n’ = n we see that we can
make the assertion
m' (W) =2 2pg forall #' =n” . ... ... (2.33)
1

with probability > 1 — ¢~ @#9" provided only that » is sufficiently large.

Now
[m@n)—m@)|=m@®). ......... (2.34)
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E. H. LINFOOT ON THE LAW OF LARGE NUMBERS. 433
For . .
m (1) —m (n') = (number of T’s which occur) — (total number of cases in
which T is normal)
= (number of T’s which occur) — (number of normal T°s which
oceur)
= (number of abnormal T’s which occur)
=< (number of abnormal events which occur)
= m' (n),
while

# (w') —m (n') = (Total number of cases in which T is normal)— (number of
T’s which occur)

= (total number of cases in which U is abnormal) — (number of
U’s which do not occur)

= (number of abnormal U’s which occur)
= m' (n).
From (2.31) we have ’ ,
| () =2 p,| = S 2pq
It follows that ’ ’
| m (n') — 21 pl= § 2pq + m’ (n').

By (2.33) we can therefore, provided only that b 2pq is sufficiently large, make the
. o1 ’ '
assertion
“Im@)—2Zp|=8%2pg forall w' =2 ... .. (2.36)
1 1 ’

with probability > 1 — exp {— (£2pq)**}.

Consider now the sequence of trials from the s, + 1th to the sg,1:th, o being a positive
integer. 2pq over this sequence lies between 27 and 2 +- 2. It is therefore large when
i is large. We infer that if 4 is large we can assert with probability greater than
1 —exp {— (2¢)'*} that for every #’ in (sp + 1, Sis1y)

o (s m) | = 6(+1),
and, since
6(041)/x(sa) <6+ 1)/VEILR <e for i=iy(c),n =821,
we have : ,
“ If ¢>0, then when = 4,(c) we can assert with probability greater than
1 —exp {— (20)"*} =1 —x, thatforeveryn'in (sz + 1, Sis1y) '

[ ©w (31:2, %,) I/X (8,;2) < $.” T I R R IR (2.37)
VOL. CCXXVII.—A., 3 M
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434 E. H. LINFOOT ON THE LAW OF LARGE NUMBERS.
2.4. Now let 0 < v < 1, and let |
W = [(1 )" (1 + kv /m)] (k=0,1, ... m — 1, m).
Thus n,,o = [(1 4+ =)"], the greatest integer = (1 -+ )", and therefore, writing

A (s, ) = P (lu (s, ) (s

", 0

)>1+4¢)  (0<e<1),
we have by (1.41)
A (s,

n, 0

) =P (Ju(sn, )| > @+ x(sn, )
<exp {—(1+4e2ll P\ o — log 2}
<exp{— (42U + 1)} for m = m, (7)
=[ml1l4+ )] " =y,say. . . . ... ... .. (2.41)

Next let %, = n,,0, By = Ny, (x« = 1) ; then for m = m, ()

1 <y — g < My,

For
(1) ny—my <nmo ® 1= 07 1 <y (since v < 1) for m = m, (2) ;

KT KT 1112 ')’meKT

(2) np—ny > mny, O 1> 27’% 0= = fp,'o “om > %,1”1/%2 for m = m, (7).

By (2.22) it therefore follows that for « =1, m = my(7)
] ',__ f T, 0 u Ny, 0 (_ g2 m | <~~ &2 m‘»
B (snmlo, snm’u) < eXp( 1 T +1> < exp o 11 nm,o) < exp 6—111 (1+7) )
m,O';;?/'

— {mlog (1 4 =)} ¥,
whence ,

m—1 ’ &2 €2
21 B (81, ¢ 50, ) < m e {log(1 + )} &.

2 2 '
We now take v+ = ——. Thus = = 3 and
18 67

-1 1 f 2 -3
EIB (snm’o, S”m,x) < %;Jllog <1 —I—-l%)} for all m = m, ()

=V BAY. . o w e e e e e e e (2.42)
The numbers 7, divide up the range of positive integers into segments, and since

. nm——l,m—l = nm,() < nm,l < %m,Z < coe < n'm,m—l < nm, m = ”m+1,0 < coe
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E. H. LINFOOT ON THE LAW OF LARGE NUMBERS. 435

(provided m is sufficiently large) we see that, given 4, the inequalities

1=, 0=k=m—1,

. R nmx-—/'/ <nm,<+1 e e e e e e e e e e e e (243)
determine m, « uniquely.

Let us agree to interpret #,, , as #,_1,,—s. Then we may speak of B (s, ., s).
s K
As before, if #n, = n,, ,_,, n, = 1% we have easily '

M <y — 1y < 1y
when ¢ = 4,. Lemma (2.22) is therefore applicable, and we have
B (Snm k—1 1) < exp {_ ie %m k—1 l] P, x—l/ %m 3 %m,n—l)}a

and consequently

C (s”m,x’ S"m,x+l) = Z B (s”m——l,u Siﬁ)

(nm,Kfil<nm,x+l)
n’m k—1 ll n’m K— >

nm:c_%mx 1/

< N0 €XP [ — is2 Mo, c—1 1 Ny, c—1
n’m,x—l i —l— ]_
m— 1

< (In’m,;c-l-l %m x) eXP<

< exp ( 32% “2“11 11 oy, 2222 4 m log (1 + ’r)> B

_nm,lc—l
m
= exp (—— m l-% I #n,,,,— log (1 -+ r)]) Le™ . .. .. (2.44)
Whence
m—1
Z C(Suy o0 Snpp ) <ME" =W, .« . . . ... . (24D
k=0 ?

for m = m, (), or (since m is large when ¢ is large) for 1 = 74(e).

If we take the m of (2.41), (2.42) to be defined by (2.43) in terms of 7, we see that these
inequalities also are valid for all sufficiently large 3.

2.5. Now the series Xu,, Zv,, Zw,, X, are convergent series of positive terms.
Given v > 0 we can therefore choose m, (v, <) so big that

(1) (2.87) is valid for 72 = my and e~ < ¢,
(2) (2.41), (2.42), (2.45) are valid for m = m,,
(3) Z (u’m _l— vﬂl + w'm + wm) S %‘n.

my

Let n’ be any positive integer, and let ¢ be defined by

S < n = St+1ye
3 M2
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436 E. H. LINFOOT ON THE LAW OF LARGE NUMBERS.

Thus (1), (2), (3) hold if n' = 0, (v, ).
Then :
The probability that

(a) | (Su,, ) 2 (Su, ) = 1+ ¢
for at least one m = m, is not greater than
Z A (8, 0) <Z U
the probability that for some pair of integers m, k such that m = my;, 1 =k =m-

(b) 'V* (S,,m’ 0)/)( (snm, o) — B (snm, K)/X (snm, ,()

is not greater than

=

p> gB(s,,

m=m; k=1

i ”m ) < 2 /Um H
the probability that for at least one ¢ = n,, o, where m, k are given by

. . T, = 7;2 < o, k415
the inequality

(o) [ (82) [7 (82) — & (8nyy A0y, )| = €

is satisfied is not greater than

o m—1
DI C(S )<Ewm:

Ny, > S
K m, k+1
m=m,; k=u s +

and the probability that for at least oﬁe pair #’, 1, Where_ 0 = Ny, 8p <N = Sy,

(d) [ (1)) [x (82) — @ (82)[x(s2)| = ¢ is not greater than S .

m=m,

We can therefore assert with probability greater than 1 — b (U, + 0 + Wi, + )

that for no #’ = n, is any of (a), (b), (¢), (d) satisfied. l
Now
)] _ l ')
l % () l
and
l nd (72,/) = } i (s”m,O) ) B (s"‘m,x) . t (S"m, 0)
yAC R (Snm, 0) X (snm,x) % (S,,m o)
# )| o (@) (s

+ j x (s: % (Su, )

x(se)  x(se)l
When none of (@), (b), (¢), {d) is satisfied, therefore,

@)y @) <@4e)tetete=1+44e=1-+3.
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Thus
 “Given 3 > 0, m > 0 we can find n, = n, (4, 3) so that the truth for all » = n, of

e @)fx ()| <1438
- may be asserted with probability greater than 1 — 34" . . . . . . . . . . (2.51)

This completes the first stage of our discussion ; that relating to (1) of (2.12).
2.61 Lemma.—For

0<e<l, nz=m(e) P[lumfym|>1—e]> —F—0.
‘ (log = 2pq>
. 1
Proof. '
In (A) we put € = 4%, and suppose #,, ¢, defined* by the equations

t, = (—14+e)VIZ2pg, V= — ) viiZ2p,
m'y = Zp + 1, \/2—2—?5, m'y = Zp 4ty \/‘%’
my = [m'4], My = — [— m's],

my = Ip 4+t VE2pq, C my = Zp 1, VE2pg.

Let' 7\1 == m’l _“'ml, 7\2 = m2 e mlg- ThuS 0 = )\1, )\2 < 1. Thel’l

h—1/2VE2pg = t'y — (} — ) [VE2pg =ty + v, /2 VE2pg,
ts +1/2V/22pg = 1, + (3 — 12)[VE2pg = 1, + /2 V/E2p0,

where |, | =1, |py | = 1. »
By (A) we then have, since e~*(3¢t — 2#*) is an odd function,

| 1 -9 VI 's2pg+ 3‘%2——
0q —
P (m'y, m'y) = P (my, my) = 7= ' o
(—1+¢) VT Sopg+ 2/5%pg

i

+ 9 1 .‘-(1‘—6) Il 32pg+ 2«’2_2—pq e_tg
21 .

6V \/22]@ (1—¢) VT Sopq— ——tde

1
2 v/32pq

(3t — 2) dt

+ 04 [(Z2pg) ~* + §Z2pge ' (27“1’”6], for n = n, ().

We can write the last term as 26,,/v/Z2pq if n,(c) is chosen large enough. - And when
n is large

|3t — 28 | < 28 V/x,

* The ¢ of (A) has already been chosen equal to J1;, so that there is no ambiguity.
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438 E. H. LINFOOT ON THE LAW OF LARGE NUMBERS.

so that the second term is absolutely less than

1 (1—e) /11 22pq+2¢22pq e
.—l
]0 (=0 VTS50~ 5=

1 ju —¢) Vi 22pg+ === ~/22pq

e~ (u — 1/2 VZ2pg)®du, (n large)

3 \/22299 (1—e) VT S2pg
> =% (1] 22
22 g (108 22pg) 7 (11 22pg)
since the integrand is a decreasing function when # is large
| 1
< 22pq°
Thus
2 [ . 2 1
1— P (m'y, m’ z——A—j e di — —
(s 2)~ Vr Ja-g ~/11’?2qu'+2—~/1§2—7; '\/ZQ’pq 22pq
2 [ t 4
—= tdt — —=—==.
> \/'n: ! (1—5)«/11‘2—2&16 \/Zqu
Now
0 . 4]; . —t2—3— 1—515 P—toﬁ 1
- et df > — >0t = b).
J;D di >j dt>4t0 > 8ty (DZ 2)
It follows that for n = n, (<),
1 \ 4 1

1
1—P ’ , ’ — - — n —e"
(m's, mm'y) > 4 Vn (1 — <) V1l Z2pq (log =2pg)*~"  V/Z2pg > <log2 quy
1 /

2.62. Let A = A (a, 3, n) be a positive integer, which will be chosen more precisely
later, and let P, denote the probability that the « inequalities

P (s )/x (80 >1—2¢, . o . oo 0oL (2.621)
lu(sdr(s)] =1—2¢ for +=1,2,...—1 . . . (2.622)

3
are simultaneously true. Then Z P,c is the probability that (2.621) is satisfied for at

least one k& =< ¢.
Consider the set of trials from the (s,,_, 4 1)th to the s,th ; let the event T appear

M = m (s,.) — m (8,.—1) times.

8,
/\/ 5 qull Z 2p9>1—c¢ . . . (2.623)
A"'—1+ _1+1.

Then the probability =, of

l AK—1+1
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E. H. LINFOOT ON THE LAW OF LARGE NUMBERS. 439
satisfies, by lemma 2.61, the inequality
m, > 1f[log(A* — A —1)' . .. ... L. (2.624)

for all £ = 1 provided only that A is sufficiently large.
Suppose now that (2.623) holds for a particular % and that (2.622) holds for every
t < k. We shall show that (2.621) then holds for this £&. We have

sA"

M- X pP= (SAK) — Q. (SAK—l) 5

sAK_1+l

therefore if (2.623) holds we have

(5,0 | > (1 —¢) V/s z 2pg A — A 1) — [ (s,
Now A
ﬁ‘.: ) 2pq ﬁjqu =1— AKZ 12]og :‘.;qu = 1—(A~"+1)/A>1—2/A.
Therefore

k—1 __
Lo ( AK)| > (1—¢) \/1 5 5) \/H (A A 1) — | (su-1)] -
But by (2.622)

AK-—l 8y

[ (o) | <0 =292 (50) < (1 =2 ( = 2p0/Z2p0) 25,0

< —20(A 5 5,0

< (1 —e)x(s,0/VA (k=1,2, ..., A large).

Thus finally
| 1 (840 | > % (S {(1—5)«/1 W/H 1l A:A-:)*l) (1%)\;3}'

(2.621) will follow @ fortiors if the expression in curly brackets is > 1 — 2¢; this will
be so for all values of £ = 1,2, ... if only A is sufficiently large.

(2.621) therefore follows from (2.622) and (2.623) ; P, is consequently not less than
the probability that (2.622) and (2.623) are simultaneously true. The probability that
(2.622) are all satisfied is

k—1
1 - Z P,'.
1
Further the trials to which (2.622) and (2.623) refer are independent of one another.

Thus )
P, = = (1 'SP, ) .......... (2.625)

1
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Now by (2.624)
' n, > 1fflog(A* — A< — 1)) (k=12 ... ®)

> v (A, e) /e where y > 0 is independent of «.
Thus X =, diverges.
1

But from the definition of P, it is plain that s P, converges. Irom (2.625) we
1
therefore have

lim (1 JE&) —0,
1

K —> 0

X
and hence K can be chosen so that = P; > 1 — /2. We can then assert with probability
1

> 1 — 7/2 that (2.621) holds for at least one £ < K. Let us choose A greater than the
n, of (2.51). Then combining our present result with (2.51) we have :

“Given 8 >0, 1> 0 we can find a positive integer A = A (1, 3), as large as we
please, such that it is possible to make with probability > 1 — % the double assertion

Lo jum)] <@+ 8)x(n) foralln = A
2. |u(n)| > (1 — 8)y(n) foratleast one n = A.”

(2.12) is therefore established.

3. We now prove a theorem which shows that the result just obtained can be improved
upon. The theorem asserts that given an infinite sequence of probabilities and an arbi-
trary function f(n), the probability that

[w (m)] < f(n) for all large n

(i.e., for all » from some point, no matter what, onwards) is either 0 or 1. Naturally
this involves an extension of the definition of a probability ; the details of this extension
are given in (3.1).

We can restate KHINTCHINE’S result as follows :

“ The probability that, given § > 0,

Slu(m)] < (@ 3)x(n) for all large n
e (w)] > (1 — 8) x (n) for an infinity of n
is 1.” _ '

The theorem mentioned above shows, on putting f (%) = ¥ (n) that :

“One of P (|u(n)] <y (n) for all large n), P (|n ()| = % (n) for an infinity of n) is
1.”

Combining these we see that :

“ We can, given 8 > 0, agsert with probability 1 that either :

[ (n)] < (1 + 3) 1 (n) for all large n, and |p (n)| = x (n) for an infinity of n,
or
|w (®)| < x(n) for all large n, and | (#)] > (1 — 3) x () for an infinity of n.”
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We shall return to this point in 3.5.
3.1. Let {p;} be a given infinite sequence of probabilities such that = 2p,q; = < (n) - *
1

as n—> . Let f(n) be any positive increasing function of n.
Consider the probability that -
| [ (m)] <f(n)

for all values of n from a certain point (no matter Wha,t) onwards. We shall show that
for any given f(n) the probability is either 0 or 1.
We can define this probability as a double limit as follows. The probability that

|1 ()] < f(n) for all » in (n,, N)

is, by definition, the sum of a certain finite set of terms of the form p; ¢, ¢5 ps s .- Px
selected from the set of all such terms, which contains 2¥ members. Denoting this
probability by P (n,, N) and observing that it decreases as N -~ o, remaining always
= 0, we may define the probability that

| (m)] < f(n) for all n = n,
as '
P (no) = 1\;im P (ny, N).

Now increasing n, increases (in the wide sense) P (n,, N).
Thus for every N = n, + 1, '

P (n, + 1, N) = P (n,, N),
whence .
P (ny + 1) = P (n,).

But P (n;) = 1 always. Therefore P (n,) >lim as %, > o, and we may define the
probability that -

| (n)| < f () for all  from some % or other onwards
as P = lim P (n,). So that
P=lm lim P(s,N). . . . .. ...... . (3.11)

n—>wo N-—>w
We infer that, given 0 < ¢, < 1, we ean find n,, Ny > n, such that
P — P (n, N)| <<

for all n = ng (o) and all N = N, (n, <,).
Let n” > nyand N’ > Ny (0, o) ; let n” > N’ and N” > N, (0", <).
Then ‘
P @#, N)=P+ 6, ¢
P @, N")Y=P 4 0, ¢,
P (%”, "II) — P + 93 eo'
VOL. CCXXVIL.—A 3N
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442 E. H. LINFOOT ON THE LAW OF LARGE NUMBERS.
Now .
P (n', N”) = P (n (n)| < f(n) throughout (»’, N"'))
= P(|e(n)| < f(n) throughout (n’, N’) and (n”, N'’))
= P (n',N).P (un) < f(n)in (»"’, N”"), given this in-(n’, N")). (3.12)

We proceed to investigate this last probability, and to show that (n’, N’) being fixed,
it is arbitrarily near to P (n"’, N"’) for all sufficiently large n'’.

3.21 Lemma.
“For Zj: 2pq > K (an absolute constant), and for all values of m,

P(m, n) < T“‘l‘_lTa'
<2 210(1)
' 1
Proof.
I (pz -+ q) to s
1 1 = _1 ’ L
P (m, )  2mi S<m=1>—W v 2”““‘“ 21 )4,
We choose R
P = ‘\/5 \/log% 210_!1/ N/? 2pq.
Then N

1" I 2¢ 1 ”

21 2 Jm \if X 2p9;

2m1 J " < B <2 <§ qu>1/3 for all large 1 Pq
1

1 j‘21r—¢0| 1 jzw*% n
— _<_ e
271 J ¢, 27 J g,

fll (pr + q)l dé
f:I(joe“" + q)l = exp (0:0510,4,* Zpg — 32 Zpg) by (C)

I=exp {0-0516,2 (log = 2pq)? /= 2pq} / '\/ ‘% 2pq
” / )
<1 / 2 <Z 2pq>l ' for all Jarge 212]99'.
1
The lemma is therefore proved. |

3.22 Lemma. .

“For ny = 1, n = N, (n,) and for all m,, m,
‘ n —-1/3
| P (m, = m = m,, n)—P*(mlsmsmz,n—no)[><§2pq> ».»

Here P* refers to the set of trials from the n, -+ 1th to the nth.
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Proof.
P* (my = m = my, n — np) — P (my = m = msy, n)

— coefficient of 2™ in 1 —1 w_m_g;wrl <1 — H (pz + )> nf[q (px + q)
181—-?@%%9) - o
= L= g L
where C is the circle |z | = 1.

Now
1 -Iji(?%'{"Q)_i -—lff(l —p(1—2) 1 - e%olog(l—pt)

1 —2 - 1 —2x t

(writing ¢ for 1 — z).

When | 2| <1,
242 343
log (1 —pt):—._pt_PQ_t_P_;__
For
1t < —7 +1 no = 1,
. 0
therefore,
log (1 — pt) = —-pt—%—t-,
. 0
and
1 . e%olo‘g(l—pt) _ 1 . e-—t?p-—e,t
— 1 — gfetmetD),
Again, when '
1
Iu|<no+2’n02 ]j,
R u? u3 . 1 >
|1 —¢| = |”+§7+§—1 | = |u|<1 +%o—l—1.'
Thus for '
1
t
<o Dm Ty
I1— ef“’g“"’”[ < (mo - 2)1]t].
We have now proved that -
1=Tpr+ 9| cp 2 0oL, (3.221)
l—x
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for
1

S F D@ T2
Let us write # = ¢*; then
2 o 27 —Po
‘(o =[¢=0 zj—% —}~jn ?
bo = V2 /\/lOgnEJer q/ «/”23.12]99"

|1 —a|

where we choose

Then

1 —H(pz -+ !I)’ |1 =gt | ,nf{l(px -+ 9)"%'

1—2x

i-.r Is—l— °
2n1 J —¢, ‘27': —do

<Lioog. @t ... (222

1
(o + 1) (o + 2)’

1 2m—y
271 [+¢0

The integrand is greatest at ¢,. Thus

provided ¢, < (For |1 —z| <|¢].) Thisisso for n = A, (n,).

Also

27 —o n
=(n,+2).2. ;;L |11 (pz + ) | 4.

. 1 21 — o n ;
o] <0ty 2| L e 1)
=2 (n, + 2) exp <o~051 Osdot = pg— 34 = pq)
no+1 no+1 /

by (C) ; the condition ¢, =< 1 is satisfied for all » = A, (n,) ;

4<log s 2pq ?2 / n
= 2 (ny + 2) %%, ] exp \—— % log 2+1 2pq>

2. X 2pq

no+1

< 3(mo + 2)/ «/ﬂE: 2pg form=Ag(no). . . . . . . . (3.223)

Since

for all sufficiently large #, the lemma now follows from (3.222) and (3.223).
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3.23 Lemma.
“Ung=1,0<my < no, Ro = Mg — Zp, and ¢ > 0 is arbitrary, then

|P (e ()| < f(n))—P*(— f(%)~— o < 1 (g, m) < f (1) — po)| <
for all n = N, (n,, €).” ‘
P*, as before, refers to the set (n, + 1, n) of trials.

Proof.
By lemma 3.22

IP(—F () <w(m<f@m)—P*(—f®n) <uwm,n <f@)]<ie

for all n = N, (n,, ¢).
But

| P* (— f(n) < p(n, 1) < f( %))—P*( f(m) — o < 1 (mo, 0) < f (1) — 1) |
<2P*(m,n—no)

where m runs through the ranges in which just one of — f (n) < u (no, ) < f (n),
—f (1) — po < 1 (g, M) < f(n) — o is satisfied. It therefore takes at most 2,
different values. By lemma 8.21 we have for n = Nj; (%,, ) and all m

x _ £ <. &
P* (m, n no)<2%0<2¥JL0

1t follows that X P* (m, n — n,) < 3¢ and the lemma is proved.

3.3. If we are given that m (m,) = my, then P (m, n) (n > m,) becomes
P* (m — my, n.— n,). 1t follows at once that

P (|u(n)| <f(n), given m (ne) = mo)
=P¥(—f(n) — po <p (o, ) <f(M) —po), . . ... (3.31)
1o denoting my — ?pi as usual. ‘
Next suppose that, instead of an exact value, we have for m (n,) the inequality
my, =< m (n,) =< my, Where m, is the greatest integer < "Eop + f(no) and m, is the least
. ) 1
integer > 5 p— f(my).
1 .
Then by (3.31)
P ()| <fm), given | u(no) | <f (1))

— P (%z(xz”;’)&z’ %0) P* (— f(n)_“_ my < p (g, 1) <f(n)——— my)

D (m L, ) P*‘(—f(n)—ml—-l <1 (g, 1) < () —my — 1)+ ..

P (m, =m =m,, n,)

+5 (mll’s(”?;zgzy o P* (—f(n) —m, < y.(%o, n) < f(n) —my). . (3.32)
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Now P (m, n,) =0 unless 0 = m = n,. Remembering that P (m, = m = m,, n,)
is a sum of such probabilities, we see that we may suppose that m,, m, on the right of
(3.32) both satisfy this inequality. Lemma 3.23 is then applicable to each term, and
given ¢ > 0 we have
P (Ju (m)] < fm)P* <e

for every P* on the right of (3.32) and for all'n = N, (n,, ¢).

From (3.32) we now have '
P (|1 ()] < £ (), given|u ()] < () = gt o)

(my = m = My, Ny)

P (|um)] < £ (n)+8,, <}

¢+P(P(m1 t L) p(1um) < f@m) + Oar> &} + -0

WMy = M = Mg, M)

+p (mlf’s(?’:,;b;)nz’ e Bleml <fm)+06.,9 |

P, ) =P(pn)| <fmn))+ 0,¢c forallm = N,(ng,¢). . ... (333
Next consider . '
P([u ()] < f(w) forall min (0, N')) = P(Ju ()| <f(n); (', N)).
It is equal to ’
P(lum)] < f(n); (o', N —1).]u(N)| < f(N))
=P(rm|<f); @, N —1).m = u(N) = m,)
(with an obvious notation)
=P(lu@)] <f(n); (0, N —1). p(N') = m)
+P(u@)| <fm); @, N —1). u(N') =m +1)+...
+P(lu () <f(r); (0, N —1) . p(N') = m,)
=P, + Py + ... + Py, say.
my, My are now functions of N, and have no connection with the previous m,, m,.
Then, (» > N'),
P (| (n)| < f(n), given this throughout (»’, N’))
= (P, . P'u, (8) + P i1 P i1 (1) + . P Pl (1)) /(P + Py i1+ oo + P). (3.34)
Now by (3.33)
P, (n) =P(lu(m)| <f(n)) + 0, foralln = N, (m,e).

We can therefore find Ny = N (n’, N’, <) so that, for all w = N, (»’, N, <), each of the
P’ on the right of (3.34) differs from P (|u(n)| < f (n) by less thane). This being so, we
have

P (n) = P (|u (n)| < f(n), given this in (n’, N'))
=P(lu@®)| <f@)+ Opme, .« ... .. (3.35)
for all » = N, (»’, N, ¢)..
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Finally we have o : -
P, =P (Ju(n)| < f(n); (n”, N”), given this in (»’, N))
= P( |y. (n"")| < f(n"), given this in (n’, N') )
P (Ju(m)] < f(m) in (", N"), given |u (n")] < f(n"))

= P” (n") . P( lu (m)| < f(n)in (n", N"), given |u n")| <f(@®")
while

—_ |P‘(‘n')l <f . n’ Nn)
IV‘ u l <f // . (|U« I<f 1n n11+1 Nn) glvenlp. u '<f(”'“))

II

Thus
[Py — Po| = [P (") = P (Ju(n")] <f(®0"))].P(n(n) <f(m); (n” + 1, N"),

- given this for »n'’)
= [P"i(n") — P (Ju ()] < f(n"))]

< e foralln” = N3(n',Nye) . . .. ... ... ... (3.36)

We have now established the last statement of 3.1.
3.4. Returning to (3.12) we see that for n'’ = N, (n’, N, o)
B P, N")=P @, N).(P (@, N') + ¢5) <(P -+ eo) (P + 2¢4) < P? -} 5¢,.
ut
P, N")=P + ¢,
Therefore ’
P — ey < P? 5e,, P(1—P)<6e,p;

€o being arbitrarily small, and P being independént of &, it follows that
P(1—P)=0 P=o0orl.

3.5. We have just shown that the probability of |x %)[ < f(n) for all n from some n,
or other onwards is 0 or 1.

The complementary probability is the probability that ]y. n)| = f(n) for an infinite
sequence of values of n. It follows that this alsois 0 or 1.

3.6. We can apply this to KHINTCHINE’S result (2.12). This asserts that, y (n) being
a certain function, the probability of |u (n)] < (1 + 8) % (n) for all # from some value
onwards is 1, and the proba.blhty of Ip. (n)] < (1 —3)yx(n) for all n from some
value onwards is 0.

But the probability of |u (n)| < x( n) for all n onwards is, by what has been proved
itself O or 1. If it is O we can replace (1 — ) x (%) by x, () in KHINTCHINE'S enunciation ;
if it is 1 we can replace (1 <) (#) by x (#). We shall show that it is in fact always 0,
and indeed that if we replace "

x (n) = /\/ % 2pg 1l Z 2pq

by

e (1) = /\/>13 2pg 12 2pg + 3l Z2pg +1,22pg + ... +- L E2pg) (k= 4)
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the probability that [u (r)| < x. (%) for all % from some value onwards is 0. The result
follows a fortiors for y (n).

4.11 Lemma.
“TUw, () =+vn(ln -+ Ll;n + 1, n -+ ... + 1, n), then for all large n,
Ple(oa>%m) > wy llnl... n
Proof.
In (A) put ¢ = 5. Let », () = VIln 4+ Flyn ... 1, n, and let ¢, ¢, be defined by
t'y = — M (n), t'y = A (n),

Sn—1 Sn Sn—1 L
m'y =2 p+t N/ Z2pg,  mh= X p+ 1tV T2pg,
my = [m/y], my = —[ —m'y),

Sp—1 n—1

my = Ip -+ b ? 2pq, My = ZP + b ? 2pq ;

let A, = m'y — my, Ay = my — m/,, so that 0 = %, 2, < 1 and (as in 2.61)

1 ’ [} 1 ’ p2
. A— —1 ¢ —— =, s =1).
sz T avemy T iV Jr2\/22 ]”‘] sl =1)

From (A) we then have, since e (8¢ — 2¢*) is an odd function

1 (" i
. — 2
P(m’ls m,z) = P(mu mz) = '—=J et dt
\/TL' A (1) + e
, 2 /32pg

A (1) +

1
0, ——
T 16\/71:\/2‘.210q£\ (n) — —f!;;;

+ 0, {(Z2pg) 2+ § Z2pg P} forn =, (x).

_._ﬂ_
2 ~/32pg

e " (3t — 26%) dt

8p—1

Y here denotes E

.The last term can be written 20,/4/22pq if n, is chosen large enough. And when n
is large v o
|8t — 28| < 2v/n 8,

so that the second term is absolutely less than
Ay ()4 A, ()4

1 1
1 f 2VE2p0 _p 1 R 1 3
3 VZ2pg ) a0~ —= 3 V'Z2pg rm 21/22pq

(m large)

1 (7\.:_(1'0))3 < 1
2pglnIn ... Lo  Z2pg
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Thus
' 2 " 2 1
1—P(my, m'y) > —-:j e~ dt — — —
T '\"(n)+2~/[127[q \/22109' %2pq
2 [ N 4
> —Zj “dt e
vV daem VE2pq
Now

Therefore for n = n, (c)
1 1 14
4«/;'17&\/@13%...lK_ln'\/lln—{—... VZ2pq
1 4 : 1
Z ivmlnln.. lon Va1~ i6lnlln.. Lan

1—P(m'y, m'y) >

412 Lemma.
“If oy, (n) = \/§ 2pq (11 5 2pq -+ 1, 5 2pq + ... + 1, s 2pg) then for all n = n, (x)
) 1 1 1 1

P(le@)>n(s)>1171lnlln . 1 n”
Proof.

%e (Su-1) < Y, (n); hence
P (“" (sn-l)l > Xo: (Sn—l) ) = P (Iy‘ (‘sn-—l)[ > ('I’:c (%) )
>1/161nlln ...1_;n
>1/171(n —1) 1 (v —1)...L_; (n — 1) (nlarge),

2.6.,
P(u(s)] > g (s)) > 117lnlln ... 1 _; n
4.2. Now let |
E(r,n)=Z2pg (r<mn)
r+1
and let

Ny = [Aill i], (’I; > ee)
= A, (<& ... (4.21)
A being a (large) positive integer.
Let s,,, Suy> --- be successively the least positive integers such that
[E (0, s,))]=mn,, [E (Suys Sug)l = Mg, ... [BE (Sn—g> Sud] = Mgy oev v v o o . (4.22)
(This definition of s,, is evidently different from that previously adopted.) '
Let p(Su;_1s Sn;) = w(sn) — w(ss,_,) as usual. Then by lemma 4.12, if A be chosen
= n,y(x) we have
P(l!‘- (sni_p Sni)[ > Vi (Ln;, + $lsm, 4 ... + 1. n))
> 1171 (n, + 1) (0, + 1) ... Ly (m; 4 1)
> 1/181m; llm, ... l_ym, if A be chosen = n, () (= n, («))

> K(A)/ilogilog, ¢ ...log, 4 fore=1,2,3, ... 0
VOL. CCXXVIL—A 30
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450 E. H. LINFOOT ON THE LAW OF LARGE NUMBERS.
or, denoting this probability by =,
m; > K/t log ilogs ¢ ... log,_s 1.
4.3. Now let P; denote the probability that the ¢ inequalities
F(Se) | > i () 0 v v o o (4.81)
{ ] Pv(snl)| =1 (m), | w (Sny) | = oot (m2), ... | u (Sn;_1) | = Heor (o) (4.32)

are simultaneously true. Then X P, is the probability that (4.31) is satisfied for at least
1

one 1 =< t. .
Consider the trials from the (s,,_, -+ 1)th to the s,.;th ; the probability =; that

] @ (sni_p $;) ’ > \/"’% (W 4l + ...+ Ln) . . . .. (4.33)
satisfies, by (4.2), the inequality
m, > Kfilogilogy v ... loge oo . . . . . . .. (4.34)

Suppose that for a particular 4, (4.33) and (4.82) are both satisfied. Then we shall
show that, provided A be chosen large enough, (4.31) is also satisfied.
We have in fact
Lo () [ = Lo (s s) [ — | 0 (Snis) |
> vV (Un; + 3w+ ... +1,0) — Y Ly, oo L)

which for sufficiently large A

/ 1, n, i1
>\/%i(uni+%‘lsni+no +1K—1ni)kf\/1 +2H%i_ N/—%‘L‘l>
> s ) (145 — ) (= 4 1)

3117% - AR

Since ni-—l = A(i-—l)ll(i——l) < A(i-—l)ll’i, W'i > %Ailli
> o1 (1) for ¢ = 14,, since n; =< A™, lln, <li+ 130 4+ 1A <214,
Thus if ¢ = ¢y, (4.31) follows from (4.32), (4.33). It follows that for s = 4,
i-1
P,;ETC,;\I _ 2Pj>,
1
and hence, as before, that '
t
P, -1 as t~ o,
1

In other words we can assert with probability 1 that
[ (s) | < dtamr(m) o o v v v v oo (4.36)

for an infinite sequence of values of 7.
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When such a sequence exists, we can select from it a subsequenée Bys byy Uyy - . . SUCH
that

Lot (Pi) > Amz (4, + 2+ oo 0y 40y 7). . ... (4.37)

For suppose ¢y, 4y ... ¢,_; chosen. Let

0= My _y = Wiy T eee T My T
then we have to make
Y1 (M) > Ys (ni,. + a).
Now to make

Yxe1 (1) > Yms (0 + @)
we have to make .

nlln+3ln+ ...+ L_n) > @w-+a) (U(n+a) ...+ 10+ a).

When ¢ > 0, :
Nn+e) = lln+a/(n+ 0a)l(n+4 0a) <ln-4a/n

Ihin+e) <iLn+te/n...l.i(nt+ae)<l_in+a/n;
thus we need only make

n(lln+3ln ...+ loan) > (n+a) <lln—}— ST NS Gl I

" /
nl_in>(kK—1)a —}—a<11%+ U +(" *?'@1)“>,

and this is satisfied for n = #, (a, «).

We can therefore choose ¢, 4y, ... successively, so that (4.37) holds. We then have,
from (4.36) and (4.22)
| [ () | > s (m)

for an infinite sequence of values of n, or
| o (n) | > xK_z@ 2;pq>

for an infinite sequence of values of n. Thus finally :
“ We can assert with probability 1 that

Iu(n)l>«/§2pq<lz§2'pq+%la§2m+--.+1«%2pq>- . (4.38)

for an infinite sequence of values of n.”
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